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Abstract 

We study the massless minimally coupled scalar field on a two-dimensional 
de Sitter space-time in the setting of axiomatic quantum field theory. We 
construct the invariant Wightman distribution obtained as the renormalized 
zero-mass limit of the massive one. Insisting on gauge invariance of the model 
we construct a vacuum state and a Hilbert space of physical states which are 
invariant under the action of the whole de Sitter group. We also present the 
integral expression of the conserved charge which generates the gauge invariance 
and propose a definition of dual field. 
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1 de Sitter geometry and the massive scalar field 



The de Sitter space-time may be represented as a d-dimensional one-sheeted 
hyperboloid 

Xd{R) = Xa=[xe : x^")' - x^)' a;^' = -ii^j 

embedded in a Minkowski ambient space W^^^ with scalar product x ■ y = 

a;(o)y(o) _ .T^'^^y^'^) (and x'^ ^ x ■ x). The manifold Xd is then 

equipped with a causal ordering relation induced by that of M'^+^. The in- 
variance group of the de Sitter space-time Gd — SOo{l,d). The Grf-invariant 
volume form on Xd will be denoted by da{x). Let us introduce the complex 
hyperboloid 

X^;\r) = = [z = x + tye : z^")' - z^)' z('^)' = -R^} , 

(2) 

equivalently characterized as the set 

X^f^ = {{x, y) e M'^+i X M'^+i : x'^ - y^ ^ -R^, a; • y = 0} . 

(c) 

We define the following open subset of X^ ' : 

r+ = T+ n X^^"^ , T- =T- C] xf , (3) 

where T± = W^+^+iV^ are the so-called forward and backward tubes in C''"'""'^ ^ 
(here V± are the standard future/past lightcones in the ambient Minkowskian 
manifold). These are the (minimal) analyticity domains of the Fourier-Laplace 
transforms of tempered distributions /(p) with support contained in y+ or in 

w . 

The role of Wightman axioms (JT(?) for a QFT in Minkowski are replaced 
by other axioms of similar nature (0,0] and [2j) where the spectral condition 
is replaced by the notion of minimal analyticity. Specifically the axioms to be 
satisfied are (for a quasi- free theory): 

1. Positivity: fi^{x,x')f{x)J{x')dG{x)A(j{x') > 0, V / G V{Xd). 

2. Locahty: yV{x,x') = yV{x',x) for every space-like separated pair {x,x'); 

3. Covariance: W{gx,gx') ~ W{x,x'), V5 G Gd 
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4. Normal analyticity: the two point function >V(a;,2:') = {H., (I){x), <j>{x')^l) 
is the boundary value of a function which is analytic in the domain 7^2 of 

For a minimally coupled Klein-Gordon the field equation may be written as 

□0 + ^,2^ = 0, (4) 

where /i^ — M"^ + (^p is the relevant mass parameter, and C is the coupling 
constant to the scalar curvature p. A plane-wave analysis similar in spirit to 
the Minkowskian case and subsequent evaluation of integrals 0] lead to the 
following two-point function for such a scalar field 

with 

= ^§1)[ (a+ v/A^cos.)-'^"%in-2^ d. , 

c-i.- = ^d+T^ • W 

This two-point function gives rise to a QFT satisfying all the previously men- 
tioned axioms and can be shown to be unique. 

2 Massless limit 

We are interested in the two-dimensional (d — 1) massless limit p,^ for 
the two-point function in Eq. namely the Wightman function of a massless 
minimally coupled scalar field. 

As the Minkowskian case shows |2| |Hj, two-dimensional massless QFTs 
present us with infrared singularities. In the present context -being de Sitter 
compact in the spatial directions- we may expect a natural IR cutoff. This 
indeed will be the case at the price of violating the equation of motion and 
the positivity assumption. We will show that restoring the positivity by means 
of Krein topology automatically restores the effective equation of motion. This 
means that the equation of motion will be automatically satisfied on the physical 
states (a la Gupta-Bleuer). 
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The Krein construction ensures that the Hilbert space obtained by closing 
the space of local states is a "maximal" space 

Let us proceed and perform the massless limit on the Wightman two-point 
function. We can write the massive two-point function as 

WA\) = — J V ( l-a,a;l;^-j , (7) 

where a = ^ — -F(a, 6; c; x) is the hypergeometric function and A — For 
a — > (or a 1), we have that — 1/R^ a{l — a) ^ 0. 

The gamma function r(a) has a simple pole at the origin so that we have to 
renormalize the massive two-point function in order to obtain a finite result. 
To this end we expand W^{X) in power series of a: 

WAX) - ni-^)n^)^T{l-^)na)ay^lfl_X\\ 
An An ^ n \ 2 J 

By subtraction of the divergence due to the first term we obtain 



EE 1^0 (A) = lim 

a— ^0 



r(l - a)V(a)' 




{z-z'f 


An 


An 


i?2 



(9) 



Note that this is the same function as in the flat case, but with the argument 
being the (hyperbolic for time-like separation) sine of the pseudo-distance in 
the de Sitter manifold. 

Such a two-point function is analytic in the extended tube and invariant 
under the action of the complex de Sitter group g'"2^ A . The boundary value 
Wo of Wq is therefore invariant for a de Sitter transformation g, it is local and 
analytic in the domain 71 2 ■ 

This renormalization procedure has however introduced an anomaly in the 
equation of motion; indeed taking the limit 

□Wo(x,a;') = liinn{Wc{x,x') - Ca.a) = - lim n'^Wa{x,x') = 

= -limAi'C2.a = --42 (10) 

a^o"^ AnR^ 
we get the equation of motion 

DWo{x,x')^-^. (11) 

The renormalization procedure has introduced an anomaly in the equation of 
motion. Moreover the resulting kernel is not positive essentially due to the 
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logarithmic singularity at short distances, another drawback of this renormal- 

ization procedure. 

This forces us to use the extended Wightnian axioms which require the intro- 
duction of a Krein topology, restoring at the same time positivity and equation 
of motion on the physical states. 

Remark 2.1 One may ask why the solution of the equation OF{X) = 0, namely 

is not an acceptable two point function (X being the invariant ). The reason 
is that this function is invariant under the action of G2 but it is not analytic 
in the full extended domain: it is analytic in minus the cuts (—00, —1) and 
(1,00). In particular the cut (l,oo) violates locality for antipodal points on the 
de Sitter manifold. 

3 Invariant Krein space 

A two point function which is invariant, analytic and causal, but not positive, 
allows to construct, via a GNS construction, a linear space invariant under 
de Sitter transformation with an indefinite inner product. Were the two-point 
(semi-)positive it would define a pre-Hilbert structure, and the space of physical 
states would be identified with the closure under such norm. If the Wightman 
functions fail to be positive, such identification is not natural and, in general, 
not unique. We have to look for a minimal Hilbert topology, i. e. such that the 
closure of the span of local states is maximal {Krein topology). We give here a 
direct construction tailored to our specific case. 

The invariant two-point function Wq is positive on the subspace I?o> the 
space of null integral test functions 

Do := | / e V{X2) : Mx)f{x) = o| , (13) 

because on this subspace the renormalization procedure by which we obtained 
the two-point function is irrelevant. Let us choose and fix a real function h G 
V{X2) such that 

[ da{x)h{x) = 1 , {h,h)=0 . (14) 
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Then, for any / G 'D{X2) we can decompose as 



f{x)^fo{x)+i^J^ da{y)fiy)j h{x), 

and therefore the test function space 'D{X2) is decomposed in the direct sum 

V{X2) =Vo+H, (15) 
where H is the one-dimensional space generated by h. 

Following this decomposition the indefinite sesquilinear form given by Wq is 
written as 



(/,5) = (/o,.go) + (^y^ da{x)f{x)j {Kg) + ^ da{x)g{x) ] {f,h). (16) 
The Krein inner product on 'D{X2) is then defined by 



if.9)^{fo,go) + {f,h){Kg)+ da{x)f{x) da{y)g{y). (17) 

The inner product H17|l is positive semidefinite and hence defines a structure of 
pre-Hilbert space. The nihilspace of this pairing is the subspace 

Ih = {feVo : (/o, /o> = 0, {h, /) - 0} . (18) 

By quotienting 'D(X2) and then completing in the ensuing Hilbert topology we 
obtain a Hilbert space which we denote with IC^-^y 

Lemma 3.1 The linear functional on JC^^^ defined by 

Fu{f)^{hJ), (19) 

(where h is the previously fixed test function with unit integral) has norm equal to 
one and therefore it defines a normalized element vq of IC^^\ such that [vq, f) = 
Fkif)- 

Furthermore, for all f G V(X2), 



(voJ) = / da{x)fix) . (20) 

JX2 

Proof Let Jh be the ideal of the test functions of zero-norm (HHJ. Then /C(i) = 
V{X2)/Ih". Defining 

Vq = -iirR^Dh (21) 
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we have 

(^^0, /) = (^'o, /o> + (^'o, /^) {h. f)+ f da{x)vo{x) f da{y)f{y) - {h, /) , (22) 

since (uo, h) = 1 and vo G Dq. Thus uq is the element identified by the functional 
Fh as in the statement of the lemma. 

We now prove uniqueness of the vector wq- Consider a different real function 
h' in 'D{X2) satisfying eqs. H14|) . Then the difference h — h' belongs to Vq and 
hence D{h — h') belongs to the ideal It, so that the corresponding vectors 
and Wo are the same in the quotient space. 
Finally the norm of vq is given by 

(t;o,i'o) = leTT^R"* |(nft,/i)|^ = 1 (23) 
and thus \\Fh\\ = 1. Moreover, we have that 

{vo,vo) = (24) 
and, for every function / in 'D{X2), 

{vo, /) = -AwR^iOh, f)^ [ da{x)f{x). (25) 

Q.E.D. 

Remark 3.1 The state vq plays the same role as the infinitely delocalized state 
of Q'. However there such state is a limit of test functions and belongs only to 
the Krein completion of the space: here on the contrary the state is a perfectly 
well-behaved test function obtained by the application of the Laplace-Beltrami 
operator □ to the chosen h. This may seem not to be an invariant state, however 
-as it is proven in Prop. \ the action of an isometry of the space-time does 
not change its equivalence class modulo the ideal Th ■ 

Proposition 3.1 The Hilbert space is a Krein space and can be written 
as a direct sum: 

/C'l' =V^/lJ'"\vo®H , (26) 

where T)q is the subspace 0/ Pq orthogonal to (the eq. class of) vq spanning 
Vo = {{Xvo : XeC}+Ih)/Ih andH={{Xh : \eC}+Ih)/Ih. 
The metric operator ry^^^ defined by (•, •) = (■, J?'"'^' •) is given by 

v\^, =1,_, , , r7«/i = z;o, V^^^vo = h. (27) 

Note.' from now on we will use the same symbols h, vq to denote the functions 
and the equivalence classes in the quotient space. 



6 



Proof We first note that Th is entirely contained in since for any / G X>o 

(/,«o)« (28) 

and hence the orthogonality to vq is one of the defining properties of the vector 
space Xh (see eq. . 

Let us write the subspace of zero-integral test functions as I?o = 'C'q ® 
C{wo}, where the orthogonality is with respect to the (pre-)Hilbert product 
(•,•). If restricted to the space T)^ , the Krcin product is equal to the indefinite 
sesquilinear form (•,■). Indeed, for every pair of test functions f,g E T)^ we 
have 

if.g) = if.g) + {f.h){Kg) = (f,g) + {f,vo)ivo,g) = (/,.g) . (29) 

The mono-dimensional space H is orthogonal to Vq because {vq, h) = {h, h) = 0. 
Moreover we have VqLH: 

(hj) = / daixMx) j My)f{y) = o . (30) 

This is true also for the Hilbert space ' ^ and thus we have proved the 
decomposition (|26|l . The definition of the metric operator ?]^^^ is now obvious. 
The Hilbert space /C'-^-' is then a Krein space and, being 77^^^ ^ continuous, the 
Hilbert majorant topology defined by the Krein norm is minimal and the Krein 
space is maximal. 
Q.E.D. 

The de Sitter group acts naturally on 'D{X2) by agf[x) — f{g^^x) and the 
restriction to T^q is unitary since Wo is invariant. Moreover we have 

Proposition 3.2 The representation U{g) of the de Sitter group has a unique 
continuous extension from V{X2) to /C'"'^-' and 

U{g)vo = Vq . (31) 

Proof. The only non-obvious part is the invariance of vq. For any element g of 
500(112) the function Dh{x) — Dh{gx) belongs to (note that h{x) — h{gx) 
is a function in I?o) a-nd thus it is zero in ]C^^\ thus proving that U{g)vo ~ vq. 
Q.E.D. 

^From the decomposition l|26|) follows that vq is the unique invariant vector 
in ACW. 
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^From the construction of the one-particle Hilbert-Krein space /C*^^-* one can 
build as usual a Fock-Krein space /C and extend there the metric operator rj. 
Then we can prove 

Proposition 3.3 The space K, contains an infinite- dimensional suhspace Vo of 
vectors invariant under the de Sitter transformation. However, the vacuum is 
still essentially unique (i.e. any strictly positive suhspace of invariant vectors is 
one dimensional). 

Proof. The proof of this theorem follows T Q.E.D. 

4 Equation of motion and gauge invar iance 

In this section we investigate the equation of motion and the existence of a 
charge operator generating gauge transformations. 

As we have remarked above the most important difference between the massless 
scalar field in Minkowski space-time and the covariant massless scalar field in 
de Sitter space-time is that the invariant state vo now belongs to the space of 
test functions VlX). Therefore the operator 0(wo) belongs to the field algebra 
and its introduction does not require any extension of the latter. This invariant 
operator commutes with any other operator of A: 

[0(«o),0(/)] =0, (32) 

as follows from the explicit expression of vq — — 47rR^n/i and the equations of 
motions UxW{x,x') = U^W{x,x') = -j:^- 

We begin by proving that the equation of motion for the two-point func- 
tion, nW = — l/(47rR^) translates into the following equation of motion for the 
quantum field (p 

Proposition 4.1 The quantum field (j){x) satisfies 

m^) = -^'I'M , (33) 

where vq is the previously defined state represented by vq — [— 47rR^n/i]. 
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Proof. For any test function / wc have f = fo + h J f the decomposition in 
its Do and H components. We can obviously write (j){f) = (j){fo) + J f(l>{h)- 
Recalhng that n^i^o = 0) have 

mma) >= J f< <i>m<t>{g) >= 

This, together with the fact that ^is a free field, proves the statement. Q.E.D. 

In the homogeneous case the equation D(p = is clearly invariant under the 
transformation (j) — > ^ + Al. This invariance is still present as the following 
Lemma shows 

Lemma 4.1 The equation of motion for the quantum field (j) is invariant under 
the gauge transformation ^^{4>) := + \, A e C. 

Proof. The identity operator 1, as an operator- valued distribution, associates 
to a test function its total integral. In the equation of motion we then have 

where the last equality follows from the fact that the state Vq = [47rR^nft,] has 
zero total integral. Q.E.D. 

We can then define a gauge transformation as the automorphism of the field 
algebra generated by 

-t^ : (j) ^ (t> + \, A e C. (34) 
Let us now introduce the following operator 

Q = i[4>+{vo)-ct>-{vo)\, (35) 

where the operators ip'^if) are defined as creators-annihilators of states vo in 
the Fock-Krein space JC. This is a continuous operator from the n-particle 
space /C*^"^ to IC^^^'^^K Moreover it is easily verified that Q satisfies the following 
commutation relations: 

[Q,<t>{f)] = -ijda{x)f{x). (36) 
One can compute directly that -exactly as in the flat case- 

IMvo), </>(/)] =t\J da{x)f{x) ; [M^o), <^-(i^o)] = . (37) 
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The natural question now arises as to whether this charge Q is the integral of 
a local expression. The classical charge of any solution of the wave equation in 
d+1 dimensions Oip = is defined by integrating along any spacelike d-surface 
the "timelike" derivative along the direction ortogonal to the surface 

/ dv^dnip. (38) 

Such expression is "conserved" (i.e. independent of the spacelike surface E) 
because of the equation of motion. The integrand in eq. is the Hodge dual 
of the 1-form dtp, i.e. (in Lorentzian signature) the d-form defined by 

{d^r := V^e^,^,„^^,^,g''Pdp^dx>'' ■ ■ ■ dx^'^ . (39) 

Such a d-form can be integrated on any d-surface in an intrinsic way. Now, such 
a form is closed iff the function if satisfies the wave equation dip — because 

d{dip)* cx Oipdvol . 

The integral of a closed d-form on a d-surface is independent of continuous 
deformations of the surface (i.e. the choice of the "time-slice" in our setting). 

This preamble shows clearly that we are to expect some problems from the 
fact that our quantum field does not satisfy the homogeneous wave equation. 
Let us have a closer look at what happens in the case at hand: the explicit 
expression of the Hodge dual is now the d = 1-form (see also later the discussion 
about the dual field) 

(d(/))* = -dr(f)de - dg(f)dT 

for our (quantum) field (f> (in conformal coordinates for clarity). 

The equation of motion (|33|l implies that this operator-valued form is not closed 

Therefore the charge defined as in the fiat case (with all the additional technical 
details which we now omit) [7| |H] by 

Q (x J dx^ d^ocj) 

could not be possibly conserved (in our case the expression would look more 
like ^dedr(l)). 
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Proposition 4.2 The charge Q — ^ {(f'^ivQ) — 4> (wo)) is the integral of a local 
current, namely 

Q = (w)* + ^tan(r/R)</.(^;o)d0) , (40) 

where S is any spacelike d = 1-surface (i.e. a curve, e.g. t = const). The 
integral is independent of the spacelike ( closed, simple ) curve S because the 
one-form in the integrand is closed. 

Remark 4.1 The integrand of Eq. \40\ is the differential of a dual field (/) up 

to an exact form: indeed we define the dual field by the equation 

d0=(d0)*-^^^^(0(«o)d0 + 0(i;o)dr) , (41) 

which differs from the integrand in Eq. \4U\ by the exact operator-valued form 

^^^^^(«o)dT = ^^{vo)d ln(cos(r/R)) , (42) 

which does not contribute to the integral. In this notation the above proposition 
would read 

g = --^ / d? . (43) 



The one-form Acf) is (classically) closed but not exact, i.e. the dual field (j) 
naturally lives on the universal covering of X2 . In other words the dual field (j) 
carries a topological charge w.r.t. (j) (see later). 

Sketch of Proof. 

The proof consists in showing that the integrand is indeed a closed form (which 
is straightforward) and that the commutator of the integral with the fields <t>{f) 
reproduces the correct commutator of Q as given in (|36|) . which amounts to a 
direct manipulation of the integrals. Q.E.D. From the relation 

d 



dA 



- / Mx)f{x) = I [Q, 0(/)] (44) 



X2 



follows that the automorphism 7 is generated by the operator Q. 

Theorem 4.1 The automorphism 7^ is implementable in the Krein space JC by 
the rj-unitary operator 

7^=e*^'3. (45) 
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The not difficult proof will be detailed elsewhere. 

The Wightman function Woix^x') is not invariant under the gauge trans- 
formation: indeed, for (/> 4> + ^, we get Wq Wo + A^. For this reason 
some authors do not use Witghman formalism to construct a QFT for 

the massless minimally coupled field in de Sitter space-time. The construction 
is nonetheless still feasible because the vacuum is not gauge invariant but it is 
mapped to a non- physical state {i.e. a zero-norm state). If restricted to the 
physical space of states Tiphys the two point function is positive, analytic and 
invariant under de Sitter and gauge transformation. 

5 Conclusions 

We have constructed a QFT of a massless minimally coupled scalar field in a 
bidimensional de Sitter space-time. Although we have studied this particular 
case, the results are valid also for the four dimensional de Sitter universe. The 
renormalized two point function for a massless minimally coupled scalar fields in 
X4 isn't positive defined and one can construct a full de Sitter invariant vacuum 
with the same techniques we have described in section |3| 

This seems to disagree with Allen's theorem (pQ) which states that in a four 
dimensional de Sitter space time can't exist a de Sitter invariant vacuum for 
a massless scalar field. As we have already pointed out, the problem is analo- 
gous to the case of the vacuum of the massless scalar field in a bidimensional 
Minkowski space-time: it is impossible to find a two point function positive 
defined, analytic, Lorentz invariant and local (|llp: if one insists over Lorentz 
invariance necessarily loose positivity. 

If one use the normal modes to construct the two point function, its positivity 
is a natural consequence of the construction itself and, in agreement with Allen's 
theorem, de Sitter invariance is lost. With the normal modes construction, not 
only dS invariance but also gauge invariance is lost, being the Hilbert space of 
the states non-invariant under gauge transformation. 

Another result is that, being the vacuum de Sitter invariant, the linear de- 
pendence by the time coordinate of the vacuum fluctuation for the non-invariant 
vacuum is lost (mil)- This result could have some consequence for the infla- 
tionary model, where this time dependence is used to explain the roll-over of 
the inflation fields responsible of the infiation. It is important to point out that 
this results are valid only for a de Sitter universe that exist forever and we don't 
yet know which arc the implication for a de Sitter universe with a finite life. 
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